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Summary method for   h igh-resolut ion  spect roscopy, '  it has 

been c lea r   t ha t   t hese   t echn iques   p rov ide   t he   bas i s  
2- 10 I n   t h i s  paper, we discuss  the  performance 

p o t e n t i a l  and  the  problems  o f   implement ing  a   for   an  excel   lent   t ime and frequency standard. 
microwave  frequency  '(and  t ime)  standard $n& an 
o p t i c a l   f r e q u e n c y   s t a n d a r d   u t i l i z i n g  201Hg ions  
s t o r e d   i n  a  Penning  trap. Many o f   t he   d i scuss ions  
app ly   to   ion   s to rage-based  f requency   s tandards   in  
genera l .   Laser   cool ing,   opt ica l   pumping,   and 
o p t i c a l   d e t e c t i o n   o f   t h e   m i c r o w a v e   o r   o p t i c a l  
c l o c k   t r a n s i t i o n   c o u l d  be  achieved  using  narrowband 
r a d i a t i o n   a t   t h e  194.2 nm 6p 2P + 6s 2S t r a n -  
s i t i o n ,   w h i l e   s e l e c t i v e l y   m i x i n g  $he g r o u h - s t a t e  
hyper f ine   leve ls   w i th   appropr ia te   m ic rowave  rad ia -  
t i o n .  A f i r s t -o rde r   f i e ld - i ndependen t   m ic rowave  
c l o c k   t r a n s i t i o n ,   w h i c h   i s   p a r t i c u l a r l y   w e l l -  
s u i t e d   t o   t h e  use o f  t h e   P e n n i n g   i o n   t r a p   i s   t h e  
25.9 GHz ( F , M  ) = (2 , l )  t-) (1,l) h y p e r f i n e   t r a n s i -  
t i o n   a t  a   m i g n e t i c   f i e l d   o f  0.534 T. The two- 
photon  Doppler- f ree 5d9 6s2 2D5 t-) 5d1° 6s 2S 
t r a n s i t i o n   a t  563 nm i s  a p o s s d l e   c a n d i d a t e   f o b  
an  opt ical   f requency  standard.   Both  standards 
have  the   po ten t ia l   o f   ach iev ing   abso lu te   accura-  
c i e s   o f   b e t t e r   t h a n  one p a r t   i n  1015 and  frequency 
s t a b i l i t i e s   o f   l e s s   t h a n  

I n t r o d u c t i o n  

I n   t h i s  paper ,   a   spec i f i c   p roposa l   i s  made 

f o r  a 201Hg+ stored  ion  microwave  frequency  (and 

t ime)  standard  which  could  have  an  absolute  f rac- 

t i o n a l   u n c e r t a i n t y   o f   l e s s   t h a n  We a l s o  

d i s c u s s   t h e   p o s s i b i l i t i e s   f o r   a  201Hg+ o p t i c a l  

frequency  standard. A f u tu re   s to red   i on   f requency  

s tandard may no t   take   the   exac t   fo rm  descr ibed 

here;   nevertheless,  it i s   u s e f u l   t o   i n v e s t i g a t e  a 

spec i f i c   p roposa l ,   s i nce  many o f   t h e  same gener ic  

problems will be  encountered i n  any  standard  based 

on  s tored  ions.  

S ince  the  p ioneer ing  work  o f   Dehmel t  and 

co-workers, who f i r s t  developed  the  s tored  ion 

%Contr ibut ion  o f   the  Nat ional   Bureau  o f   Standards 
n o t   s u b j e c t   t o   c o p y r i g h t .  

T h i s   c o n j e c t u r e   i s   b a s e d   p r i m a r i l y  on t h e   a b i l i t y  

t o   c o n f i n e   t h e   i o n s   f o r   l o n g   p e r i o d s   o f   t i m e  

w i thou t   t he   usua l   pe r tu rba t i ons   assoc ia ted   w i th  

conf inement   (e .g . ,   "wa l l   sh i f t "  as i n   t h e  hydrogen 

maser). S ta r t i ng   w i th   t he   work   o f   Ma jo r   and  

Werth5  reported i n  1973,  groups a t  Mainz7  and 

Orsay'' and a t   l e a s t  one commercial company 11 

have  sought t o  develop  a  frequency  standard  based 

on 19sHg+ i o n s   s t o r e d   i n  an rf trap. The choice 

o f  Hg+ ions  for   a   microwave  s tored  ion  f requency 

s tandard i s  a   na tura l  one  because i t s  ground-state 

h y p e r f i n e   s t r u c t u r e   i s   t h e   l a r g e s t   o f  any i o n  

which  might  easi ly  be  used i n  a  frequency  standard, 

and i t s   r e l a t i v e l y   l a r g e  mass gives  a  smal l  second- 

o rder   Dopp ler   sh i f t   a t   a   g iven   tempera ture .   Th is  

work  has  been  developed t o  a f a i r l y   h i g h   l e v e l ;  

the   g roup  a t  Orsay"  has made a  working  standard 

whose s t a b i l i t y  compares f a v o r a b l y   t o   t h a t   o f  a 

commercial  cesium beam frequency  standard. How- 

e v e r ,   t h e   f u l l   p o t e n t i a l   o f   t h e   s t o r e d   i o n   t e c h -  

niques has y e t   t o  be   rea l i zed ;   t h i s   appears   t o   be  

due t o  two  problems: (1) H i s t o r i c a l l y ,  it has 

been d i f f i c u l t   t o   c o o l   t h e   i o n s  below  the  ambient 

t e m p e r a t u r e ;   t h i s   i s  made more d i f f i c u l t   i n   t h e  rf 

t r a p  by "rf heating"'  -a p r o c e s s   n o t   c l e a r l y  

understood,  but  one t h a t  makes it d i f f i c u l t   t o  

cool  even  to  the  ambient  temperature.  For 

b o t h   t h e  rf a n d   P e n n i n g   t r a p s ,   t h e   i n a b i l i t y   t o  

cool  below  the  ambient  temperature means t h a t  one 

must  contend with the   f requency   sh i f t   f r om  the  

second-order   Dopp ler   o r   t ime-d i la t ion   e f fec t .  

Although it i s   p o s s i b l e   t o   c a l c u l a t e   t h i s   s h i f t  

f rom  the measured  Doppler  (sideband)  spectra, t o  
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do so wi th   t he   requ i red   accu racy  may be d i f f i c u l t  
f o r   i o n s   n e a r  room temperature.  (2) A second 

problem i s   t h a t   t h e  number o f   i o n s   t h a t  can  be 

s t o r e d   i n  a r e s t r i c t e d  volume  (dimensions 5 1 cm) 

i s   t y p i c a l l y   r a t h e r   s m a l l  ( 5  l o6 ) .  This ,   coupled 

w i t h   t h e  somewhat p o o r   s i g n a l - t o - n o i s e   r a t i o s  

r e a l i z e d   w i t h   c o n v e n t i o n a l  lamp  sources,  causes 

t h e   s h o r t - t e r m   s t a b i l i t y   i n  a f requency  standard 

based  on  ions  to  be  degraded,  even  though  the Q ' s  

r e a l i z e d   a r e   q u i t e   h i g h .  

I n   t h e   p a s t  two o r   t h r e e   y e a r s ,   b o t h   o f   t h e s e  

problems  have  been  addressed i n  experiments  and 

t h e   r e s u l t s   s u g g e s t   v i a b l e   s o l u t i o n s .   I n  1978, 

groups a t   t h e   N a t i o n a l  Bureau o f  Standards (NBS) 

and  Heidelberg  demonstrated I3'l4 t h a t   r a d i a t i o n  

pressure   f rom  lasers   cou ld   be   used  to   coo l   ions   to  

temperatures < 1 K ,  thereby   reduc ing   the  second- 

o rde r   Dopp le r   sh i f t s   by  2-3 orders  o f   magni tude 

below  the room temperature  case. As discussed 

below,   the  cool ing i s  most   favorab le   fo r   very  

small  numbers o f   i o n s  (down t o  one ion) ,  so t h a t  

t h e r e   i s  a t r a d e - o f f  between  the maximum number o f  

i ons  we can  use  and t h e  minimum second-order 

D o p p l e r   s h i f t   t h a t   c a n  be  achieved. 

To improve  s igna l   to   no ise ,  we n o t e   t h a t  i n  

certain  opt ical-pumping,  double-resonance  exper i -  

ments, it i s   p o s s i b l e   t o   s c a t t e r  many o p t i c a l  

photons  from  each  ion  for  each  microwave  photon 

absorbed.  This  can  al low one t o  make up f o r  

losses i n  d e t e c t i o n   e f f i c i e n c y  due t o  s m a l l   s o l i d  

angle,  small  quantum e f f i c i e n c y   i n   t h e   p h o t o n  

d e t e c t o r ,   e t c . ,  so t h a t   t h e   t r a n s i t i o n   p r o b a b i l i t y  

f o r  each ion   can   be  measured w i t h  unity d e t e c t i o n  

e f f i c i e n c y .   T h i s  means t h a t   t h e   s i g n a l - t o - n o i s e  

r a t i o  need  be l i m i t e d   o n l y   b y   t h e   s t a t i s t i c a l  

f l u c t u a t i o n s   i n   t h e  number o f   i o n s   t h a t  have made 

t h e   t r a n ~ i t i 0 n . l ~   T h i s  i s  discussed i n  a simple 

example i n  Appendix A. 
More r e c e n t l y ,   t h e   n a r r o w   l i n e w i d t h s   a n t i c i -  

p a t e d   f o r   t h e   s t o r e d   i o n   t e c h n i q u e  have  been 

observed. A resonance  l inewidth  of   about  0.012 Hz 

a t  292 MHz has  been  observed f o r   t h e  (mI,  mJ) = 
(-3/2, c--* h y p e r f i n e   t r a n s i t i o n   o f  

25Mg+ a t  a magnetic f i e l d   o f   a b o u t  1.24 T where 

t h e   f i r s t   d e r i v a t i v e   o f   t h e   t r a n s i t i o n   f r e q u e n c y  

w i t h   r e s p e c t   t o   m a g n e t i c   f i e l d   i s   z e r o . 1 6  (The 

Ramsey in ter ference  method was implemented  by 

apply ing  two rf p u l s e s   o f  1 S durat ion  separated 

by 41 S ) .  These  narrow  l inewidths  should  be 

p r e s e r v e d   w i t h   h y p e r f i n e   t r a n s i t i o n s   o f   h i g h e r  

frequency,  such as i n  201Hg+, b u t ,   o f   c o u r s e ,  more 

a t t e n t i o n  must be p a i d   t o   f i e l d  homogeneity  and 

s t a b i l i t y .  

These r e s u l t s  have  encouraged  us t o   b e g i n  

s t u d i e s  on t h e  201Hgf system  and  although t h i s   i o n  

may no t   p rov i$e   the   " f ina l   answer , "  i t  appears t o  

p r o v i d e  a case  where   inaccurac ies   s ign i f i can t ly  

smaller  than  10-13  can  be  achieved. The d iscus-  

s i o n   h e r e   i s   l a r g e l y   d e v o t e d   t o  a microwave f r e -  

quency  standard  wi th a des ign  goal   o f   accuracy 

b e t t e r   t h a n  h o w e v e r ,   t h e   p o s s i b i l i t i e s   f o r  

a s to red   i on   op t i ca l   f r equency   s tandard   i n  201Hg+ 

a r e   a l s o   b r i e f l y   i n c l u d e d .  17'32 For a g i ven  

i n t e r a c t i o n   t i m e ,   t h e  Q o f  a t r a n s i t i o n  will sca le  

w i th   t he   f requency .   The re fo re ,   i n   p r i nc ip le ,   an  

opt ica l   f requency  s tandard  would have c l e a r  advan- 

tages  over a microwave  frequency  standard. Our 

dec is ion   to   work   on  a microwave  frequency  standard 

(as  wel l  as an o p t i c a l   s t a n d a r d )   i s   m o t i v a t e d  

l a r g e l y  by p rac t i ca l   cons ide ra t i ons :  (1) Before 

t h e  f u l l  p o t e n t i a l   o f  an   ion-s to rage  op t ica l  

f requency  standard  could  be  real ized,  tunable 

l a s e r s   w i t h   s u i t a b l e   s p e c t r a l   p u r i t y  must become 

ava i lab le .   Th is   p rob lem may be  near ing  solu- 

t i o n . 2 0  (2) I f  an  opt ica l   f requency  s tandard i s  

t o   p r o v i d e   t i m e ,   t h e  phase o f   t h e   r a d i a t i o n   m u s t  

be  measured. This  appears t o  present  a much more 

formidable  problem.  Both  of  these  problems 

are   a l ready   so lved i n  the   mic rowave  reg ion   o f   the  

s p e c t r w t h u s ,   t h e   a t t r a c t i o n   f o r   i n v e s t i g a t i n g  

a microwave  frequency  standard. 

201Hg+ Stored  Ion  Microwave  Frequency  Standard 

201Hg+ ions  will be  s tored i n  a Penning  trap. 

The cho ice   o f   the   Penn ing   t rap   over   the  rf t r a p   i s  

m o t i v a t e d   p r i m a r i l y  because it appears  easier t o  

c o o l  a cloud o f   i o n s   i n  a Penning  t rap  than i n  an 

rf t rap .   Res idua l   heat ing  mechanisms i n   t h e  

Penning t r a p   a r e   q u i t e   s m a l l 1 3  whereas i n   t h e  rf 

t r a p  (where "rf heating' '   occurred),  they  can  be 

s u b s t a n t i a l .  l4 O f  course,   th is   problem does n o t  
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e x i s t   f o r   t h e  rf t r a p  i f  s i n g l e   i o n s   a r e  used, b u t  

f o r  a microwave  frequency  standard, it i s   d e s i r a b l e  

t o  use  as many ions  as p o s s i b l e   i n   o r d e r   t o  in- 

c rease  s igna l - to -no ise   ra t io .  Use o f  a Penning 

t r a p  means t h a t  one mus t   use   t rans i t i ons   t ha t   a re  

independent o f  magnetic f i e l d   t o   f i r s t   o r -  

t h i s   l i m i t s   t h e  number o f   t r a n s i t i o n s  
a v a i l a b l e ,   b u t  need n o t   b e   a n   a b s o l u t e   r e s t r i c t i o n .  

The  ls9Hg+ i s o t o p e   i s   t h e r e f o r e   n o t   c o n s i d e r e d ,  

s ince   t he re   a re  no frequency  extrema a t   p r a c t i c a l  

f i e l d s .  

The e n e r g y   l e v e l   s t r u c t u r e 2 1   o f   t h e  201Hg+ 

i o n  vs.  magnetic f i e l d   i s  shown i n   F i g .  1. The 

I I I I I I 
0 01 0.2 0.3 0.4 0.5 0 6  

B, ( T I  

F igu re  1. Ground s t a t e   h y p e r f i n e   e n e r g y   l e v e l s   o f  

201Hg+ vs.   magnet ic   f ie ld .   States  are 

designated  by  the (F, MF) rep resen ta t i on .  
T h r e e   t r a n s i t i o n s   a r e   i n d i c a t e d   a t   t h e  

f i e l d s  where t h e   t r a n s i t i o n   f r e q u e n c i e s  

a re   i ndependen t   o f   magne t i c   f i e ld   t o  

f i r s t   o r d e r .  

p o s s i b l e   f i e l d   i n d e p e n d e n t   " c l o c k   t r a n s i t i o n s "   a r e  

t h e  (F, mF) = (2,O) - (1,l) and  (2, l )  c-) (1,O) 
t r a n s i t i o n s   a t   a b o u t  0.29 T, t he   (2 , l )  - (1,l) 
t r a n s i t i o n   a t  0.534  T,  the (1,l) - (1,O) t r a n s i -  

t i o n   a t   3 . 9 1  T and t h e  (1,O) C., (11-1) t r a n s i t i o n  

a t  28.1 T. I n   p r i n c i p l e ,  one d e s i r e s   t o  work a t  

the   h ighes t   m ic rowave  f requency   poss ib le   ( fo r  

h ighes t  Q) a t   t h e   h i g h e s t   a t t a i n a b l e   m a g n e t i c  
f i e l d   ( t o  maximize  the number o f   i o n s ) .  The 

choice seems t o  be  between  the  25.9 GHz (2, l)  - 
(1,l) t r a n s i t i o n   a t  0.534 T and t h e  7.72 GHz 

(1,l) - (1,O) t r a n s i t i o n   a t   3 . 9 1  T. A t  these 

magne t i c   f i e lds ,   where   t he   t rans i t i on   f requency   i s  

independent o f  magnetic f i e l d   t o   f i r s t   o r d e r ,   t h e  

second-order f i e l d  dependence i s   g i v e n  by Av/vo 

((2.1) - (1,l)) = (AH/Ho)2 and Av/vo 

((1,l) f-, 1,O)) S .04(AH/Ho)2. The rema in ing   pa r t  

o f   t h e   p r o p o s a l   i s  modeled  around  the  (2, l)  * (1,l) 
t r a n s i t i o n   a t  0.534 T because o f   i t s   h i g h e r   f r e -  

quency.  From the  second-order f i e l d  dependence 

noted above, it i s  necessary t o   c o n t r o l   t h e   f i e l d  
s t a b i l i t y  and  homogenei ty   over   the  ion  c loud  to  

b e t t e r   t h a n  lo- '  i n  o rde r   t o   ach ieve   accu r -  

acy.   This i s  an  impor tant   problem,  o f   course,   but  

no t   i nsu rmoun tab le -we   no te   t ha t   t he   f ree - runn ing  

s t a b i l i t y   o f   t h e   m a g n e t i c   f i e l d  must   be  bet ter  

t han  lo-' o v e r   t h e   c l o c k   t r a n s i t i o n   t i m e ;   i n  
longer   term it c a n   b e   s t a b i l i z e d   t o   t h i s   l e v e l   b y  

l o c k i n g   t h e   f i e l d   t o  a Zeeman t r a n s i t i o n   i n   t h e  

ions. 16 

We w i  11 assume t h a t  a laser   can   be   tuned  to  

t h e  6p 2P+ + 6s 2S+ t r a n s i t i o n   a t  194.2 nm w i t h  

s u f f i c i e n t  power t o   p r o v i d e   l a s e r   c o o l i n g ,   o p t i c a l  

pumping,  and  f luorescence  detection. A s p e c i f i c  
scheme fo r   obse rv ing   t he   c lock   t rans i t i on   m igh t   be  

t h e   f o l l o w i n g :  (we will assume t h a t  when t h e   i o n s  

are  co ld ,   the  widths  o f   the  Doppler-broadened 

o p t i c a l   l i n e s   a r e   a p p r o x i m a t e l y   e q u a l   t o   t h e  

n a t u r a l   w i d t h  ( M  70 MHz)). 

(1) We tune   t he   l ase r   abou t  35 MHz below  the 

6p 2P+ (1,-l) + 6s 2s JI (2,-2) o p t i c a l   t r a n s i t i o n .  

T h i s   l a s e r   t u n i n g   g i v e s   t h e  maximum cool ing  pos-  

s i b l e , 2 2   b u t   r a p i d l y  pumps t h e   i o n s   o u t   o f   t h e  

(2,-2)  ground  state.  (For  example,  the (l,-l) 

e x c i t e d   s t a t e  decays t o   t h e  (1,-l) ground  s ta te 
w i t h  a p r o b a b i l i t y   e q u a l   t o  0.329. ) For   coo l ing  

and  detect ion,  we r e q u i r e  each i o n   t o   s c a t t e r  many 

photons.   Unfor tunate ly ,   the  s imple schemes 15,16,23 

f o r   m u l t i p l e   s c a t t e r i n g   t h a t  have  been r e a l i z e d  

w i t h   i o n s   l i k e  25Mg+ do n o t   e x i s t   f o r  Hg . There- 
+ 
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f o r e ,   f o r   t h e   i n i t i a l   c o o l i n g ,  we must  mix a l l   t h e  

ground  s ta tes   w i th   m ic rowave  rad ia t ion .   Th is  

e f f e c t i v e l y  reduces  the  cool ing  by a f a c t o r  of 8 

f rom  the   two- leve l   ion   case,   s ince   on ly   o f   the  

i o n s   a r e   i n   t h e  ( 2 , - 2 )  ground  s ta te,   but   should 

n o t  be a problem  given enough l a s e r  power  (see 

below). 

(2) Once c o o l i n g  i s  accomplished, we can 

pump a l l   t h e   i o n s   i n t o  one o f   t h e   c l o c k   l e v e l s  by, 

f o r  example,  mixing a l l   t h e   g r o u n d - s t a t e   l e v e l s  

except   the (1,l) l e v e l .   T h i s  pumping  occurs 

because we a r e   e x c i t i n g   t h e   i o n s   i n   t h e   w i n g s   o f  

o t h e r   o p t i c a l   t r a n s i t i o n s ;   f o r  example, we are 

pumping i n   t h e  wings o f   t h e  ( 1 , O )  + (2,-l) o p t i c a l  

t r a n s i t i o n   ( a b o u t  3.5 GHz away) and t h e  (1,O) 
e x c i t e d   s t a t e  decays i n t o   t h e  (1,l) ground  s ta te 

w i t h  a p r o b a b i l i t y   o f  0.039.  (Note t h a t   t h e  

(1,-l) exc i ted   s ta te   canno t   decay   t o   t he  (1,l) 
ground  s ta te. )  We remark t h a t  we have  neglected 

the  decay  o f   the  ions  f rom  the *P4 e x c i t e d   s t a t e  

t o   e i t h e r   t h e  ZD,/, o r  20s/, s t a t e s .   T h a t   t h i s  i s  

a good  approximation i s  shown i n  Appendix B. The 

r a t i o   o f   t h e   s c a t t e r i n g   r a t e  on t h e  (1,-l) + (2,-2) 
o p t i c a l   t r a n s i t i o n   t o   t h e  pumping r a t e   i n t o   t h e  

(1,l) ground-state  leve l  i s  about 6 x lo4, i . e . ,  

about 6 x lo4 photons  are  scat tered  by  each  ion 

b e f o r e  it i s  pumped i n t o   t h e  (1,l) ground-state 

c l o c k   l e v e l .   T h i s  number can be reduced  by  tuning 

t h e   l a s e r   t o   a n o t h e r   o p t i c a l   t r a n s i t i o n ;   t h i s  may 

be  necessary i f  t h e   l a s e r  power i s   t o o  smal 1. As 

discussed  below, it i s   d e s i r a b l e   f o r   d e t e c t i o n  

purposes f o r   t h i s  number t o  be  large. 

(3)  Af ter   the  pumping i s  ach ieved,   the   laser  

and  ground-state  mixing rf a r e   t u r n e d   o f f   ( t o  

avo id  ac S t a r k   s h i f t s  and  re laxat ion)   and  the 

c l o c k   t r a n s i t i o n  i s  d r i ven .  I f  we use the  Ramsey 

interference  method as was done f o r  25Mg+,16 t h e  

r e s u l t i n g   l i n e w i d t h   i s   a b o u t   o n e - h a l f  as wide as 

i f  we use  cont inuous  exc i ta t ion  ( the  Rabi  method). 

There fore ,   the  Ramsey method w i  11 be assumed. 

(4 )  A f t e r   t h e  rf c y c l e   i s   c o m p l e t e ,   t h e  

l a s e r   i s   t u r n e d   b a c k   o n  as w e l l  as the   m ix ing  rf 

(exc lud ing   the  (1,l) ground-state  level)   and  the 

f l uo rescence   sca t te r i ng   i s   obse rved .  It should 

n o t   b e   t o o   d i f f i c u l t   t o   d e t e c t   t h e   s c a t t e r e d  

pho tons   w i th   abou t   ove ra l l   e f f i c i ency .  

This   would mean tha t   abou t  60 photons  would be 

c o l l e c t e d   f o r  each i o n   t h a t  had made t h e   t r a n s i t i o n  

(before it i s  repumped t o   t h e  (1,l) l e v e l )   i n s u r i n g  

t h a t   t h e   n o i s e   w o u l d   o n l y  be  due t o   t h e   s t a t i s t i c a l  

f l u c t u a t i o n s   i n   t h e  number o f   i o n s   t h a t  had made 

t h e   t r a n s i t i o n  (see  Appendix A). 

I n  o r d e r   t o   l o c k  a l o c a l   o s c i l l a t o r   t o   t h e  

c e n t e r   o f   t h e   c l o c k   t r a n s i t i o n ,  one would f i r s t  

complete one o f  t he  above c y c l e s   w i t h   t h e   l o c a l  

o s c i l l a t o r   t u n e d   t o   t h e   h a l f - i n t e n s i t y   p o i n t  

( w h e r e   t h e   t r a n s i t i o n   p r o b a b i l i t y   f o r  each i o n   i s  

one h a l f )  on,  say, t h e   l o w   s i d e   o f   t h e   c e n t r a l  

Ramsey peak.  These  photon  counts  could  then be 

s t o r e d  and t h e   c y c l e   r e p e a t e d   w i t h   t h e   l o c a l  

o s c i l l a t o r   t u n e d   t o   t h e   h i g h - f r e q u e n c y   s i d e   o f   t h e  

l i n e .  These r e s u l t i n g   c o u n t s   c o u l d   t h e n  be  sub- 

t r a c t e d   f r o m   t h e   f i r s t   t o   g i v e  an e r r o r   s i g n a l  

which  can be  used t o   f o r c e   t h e  mean frequency o f  

t h e   l o c a l   o s c i l l a t o r   t o  be a t   t h e   c e n t e r   o f   t h e  

c l o c k   t r a n s i t i o n .  We will assume t h a t   t h e   t i m e  

fo r   f luorescence  observa t ion   and  repumping  i s  much 

l e s s   t h a n   t h e   c l o c k   t r a n s i t i o n   t i m e .  

Systemat ic  Frequency  Shi f ts 

We have  a l ready  ment ioned  the  s t r ingent  

requirements on  magnetic f i e l d   s t a b i l i t y  and 

homogeneity.  Using a superconducting magnet, it 

i s   p o s s i b l e   t o   s t a b i l i z e   t h e   m a g n e t i c   f i e l d   t o  

b e t t e r   t h a n   ( T h i s  may r e q u i r e   l o c k i n g   t h e  

f i e l d   t o  an NMR p robe   ad jacen t   t o   t he   t rap   ove r  

t h e   t i m e   o f   t h e   c l o c k   t r a n s i t i o n ) .  The f i e l d  

homogeneity  requirements will be  more d i f f i c u l t   t o  

s a t i s f y  (assuming a 1 cm diameter  spher ical   working 

volume i n s i d e   t h e   t r a p ) ,   b u t   a r e   s t i l l   f e a s i b l e .  

The e l e c t r i c   f i e l d s   f r o m   t h e   a p p l i e d   t r a p  

po ten t ia ls   and  f rom Coulomb i n t e r a c t i o n s  between 

ions  can  cause  second-order  Stark  shi f ts,   but   the 

r e s u l t i n g   f r a c t i o n a l   f r e q u e n c y   s h i f t s   a r e   e s t i -  

mated t o  be much less   t han  10-15. The black  body 

ac Zeeman s h i f t 3 8   i s   e s t i m a t e d   t o  be Av/uo P 

1.3 x (T/300), and i s   t h e r e f o r e   n e g l e c t e d .  

The black  body ac S t a r k   s h i f t 3 ’   i s   e s t i m a t e d   t o  be 

Au/u P 2 x 10-l6 (T/300)4  and  therefore  must  be 

accounted  for   or   reduced  environmental   tempera- 

tu res   a re   requ i red .  

0 
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I n   s p i t e   o f   t h e   l a s e r   c o o l i n g   t h a t  has  been 

achieved, we must s t i l l  be concerned  wi th   the 

second-order  Doppler  f requency  shi f t .  I n  t h e  

Penn ing   t rap ,   the   cyc lo t ron-ax ia l   tempera ture   o f  

201Hg+ ions  needs t o  be cooled  to   be low  1.45 K t o  

insure   tha t   the   second-order   Dopp ler   sh i f t s   (on  

these  degrees o f  freedom) i s   l ess   t han   10 -15 .  

These low  temperatures  should be  easy t o   o b t a i n .  

A more ser ious  problem  ex is ts   for   the  magnetron 

r o t a t i o n   o f   t h e   c l o u d ;   t h e   k i n e t i c   e n e r g y  i n  t h i s  

degree o f  freedom will probably  limit how small  

the  second-order  Doppler  shi f t   can  be.24 I n   t h e  

limit of   ve ry   sma l l  numbers of   ions,   the  magnetron 

k i n e t i c  energy  should be n e g l i g i b l e , 2 5   b u t   i n  

t h e  case  discussed  here, we would l i k e   t o  use  the 

maximum number of i ons   poss ib le  and t h i s  will 

cause  problems  as  described  below. 

The  "magnetron" r o t a t i o n   i n  a  Penning t r a p   i s  

s imp ly   a   f o rm  o f   c i r cu la r  $ x zf d r i f t ;   t h a t   i s ,  

t h e   r a d i a l   e l e c t r i c   f i e l d s   i n   t h e   t r a p   f r o m  the 

a p p l i e d   p o t e n t i a l s  on the   e lec t rodes  and from 

space  charge  act i n  a   d i r e c t i o n   p e r p e n d i c u l a r   t o  

t h e   m a g n e t i c   f i e l d .   T h i s   c a u s e s   t h e   i o n s   t o   d r i f t  

i n  c i r c u l a r  "magnetron" o r b i t s   a b o u t   t h e   a x i s   o f  

t h e   t r a p .  I f  we assume t h a t  we must  keep the   i ons  

i n s i d e   a  1 cm diameter  spher ical   working  volume, 

t h e n   q u a l i t a t i v e l y ,   t h e   n a t u r e   o f   t h e   p r o b l e m   i s  

as fo l l ows :  i f  we add  more i o n s   t o   t h i s  volume, 

then  the  magnetron  frequency  increases due t o  two 

e f f e c t s .   F i r s t ,  we must   inc rease  the   app l ied   t rap  

p o t e n t i a l s   t o  overcome the   inc reased space  charge 

repu ls ion   a long   t he  z axis,  which  tends t o   e l o n g a t e  

t h e   c l o u d   i n   t h i s   d i r e c t i o n .  Consequently,  the 

magnetron  frequency  increases  due t o   t h e   i n c r e a s e d  

p o t e n t i a l s  and the   inc reased space  charge f i e l d s  

i n   t h e   r a d i a l   d i r e c t i o n .  I n  Appendix C, we e s t i -  

mate   the  maximum number o f  i ons   con ta ined i n  a 

1 cm diameter  sphere  assuming  that   the second- 

o r d e r   D o p p l e r   s h i f t   i s   f o r   i o n s   o n   t h e  

p e r i m e t e r   o f   t h e   c l o u d   a t  z = 0. We o b t a i n  Nmax = 
8.2  x lo4  and n o t e   t h a t   t h e   a p p l i e d   t r a p   v o l t a g e  

i s   o n l y   7 1  mV f o r  zo = ro/l. 64 = 0.8 cm. 1 

Frequency S t a b i l i t y  

A t  optimum  power ( t r a n s i t i o n   p r o b a b i l i t y   i s  

equal t o  one a t  1 i n e   c e n t e r ) ,  we can   c lose ly  

approximate  the number of  detected  photon  counts 

f o r  each  experimental  cycle as 

( 1 + C O S ~ - W ~ )  T 
N = N .  n i d  

where, as i n  Appendix A ,  Ni i s   t h e  number o f   i o n s  

i n   t h e   t r a p  and  nd i s   t h e  average number o f  de- 

tec ted   pho tons   f o r   each   i on   t ha t  has made t h e  

t r a n s i t i o n .  W and u0 are   the   f requency   o f   the  

a p p l i e d  rf and  "clock"  center  frequency; T i s   t h e  

t ime  between  the rf pu lses   a t   t he   beg inn ing  and 

end o f   t h e  rf pe r iod .  (We assume t h a t   t h e   t i m e  o f  

t h e  rf p u l s e s   i s  much less   than T. ) A s  descr ibed 

above, t h e   i n t e r r o g a t i n g   o s c i l l a t o r   i s   s w i t c h e d  

between W - n/2T  and W + n/2T (where we assume 

Jw - w0I << n/2T),   and  the  resul t ing  counts sub- 

t r a c t e d  t o  g i ve   an   e r ro r   s igna l .  The s e n s i t i v i t y  

t o   m i s t u n i n g   o f  W i s   g i v e n  b y   c a l c u l a t i n g   t h e  

s lope o f  t h e   s i g n a l   i n  Eq. 4 a t   t h e   h a l f - i n t e n s i t y  

p o i n t s  ( ] W  -w0( = rr/2T). We have 

Nind T - _- 
~ w - w 0 I  = h 2 

A f t e r  one f u l l  s w i t c h i n g   c y c l e   ( t a k i n g   t h e  

d i f f e rence   o f   t he   coun ts   f rom  bo th   s ides  of  t h e  

1 i n e ) ,   t h e   e r r o r   s i g n a l   i s  

& N =  2 I & /  dN x &W 
Iw-w0I = n/2T 

where &U 3 w-w0. Since N f l u c t u a t e s   s t a t i s t i c a l l y ,  

t h e s e   f l u c t u a t i o n s  (6N) g i v e   r i s e   t o   f r e q u e n c y  

f l u c t u a t i o n s  i n  t h e   l o c k e d   l o c a l   o s c i l l a t o r :  

Maximum f r e q u e n c y   s t a b i l i t y   i s   t h u s   g i v e n   b y  

Assuming  nd >> 2 (Appendix A), we have 26 

I > 21 
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For Ni = 8.2 x lo4 and T = 50 S ,  

U (T) = 2 x 10-1s T - 3  
Y 

and 

The e s t i m a t e d   e f f i c i e n c y   o f   t h i s   p r o c e s s  

3 cm c r y s t a l   i s   g i v e n  by 

T > 100 S 

P, % 8 x P, P,, 

Lasers 

Perhaps  the  s ingle  reason  that   such a proposal  

has n o t  been made p r e v i o u s l y   i s   t h a t   t h e   r e q u i r e d  

narrowband  tunable  laser has n o t  b e e n   a v a i l a b l e   a t  

194.2 nm. However, it appears t h a t  two  poss ib le  

approaches  lend  themselves t o   i n i t i a l  experiments 

i n   t h i s  system. B r i e f l y ,   t h e   f i r s t  approach  might 

be t o  use  an external ly   narrowband f i  1 t e r e d  

(2 100 MHz) pulsed A r F  excimer  laser.  We est imate 

t h a t  it shou ld   be   poss ib le   to   ach ieve   sa tura t ing  

i n t e n s i t y   f r o m  such a f i l t e r e d   l a s e r .  However, 

t h e   p u l s e   l e n g t h s   o f   t h e s e   l a s e r s   a r e   q u i t e   s h o r t  

(5  10 ns), so that   on ly   about   two  photons  per   ion 

will be e f f e c t i v e   i n  each l a s e r   s h o t   t o   d r i v e   t h e  

o p t i c a l   t r a n s i t i o n .  (The l i f e t i m e   o f   t h e  upper 

,P5 (1,-l) s t a t e   i s   a b o u t  2.3 ns and  decays with 

0.46 p r o b a b i l i t y   t o   t h e  (2,-2) ground  state.  ) The 

po ten t i a l   advan tage   o f   exc imer   l ase r   sys tems   i s  

t h a t   t h e   r e p e t i t i o n   r a t e s  can  be  qui te  h igh  (KrF 

lasers  have  been b u i l t   w i t h  1 kHz r e p e t i t i o n  

ra tes ) .  However, a t   t h e   p r e s e n t   t i m e ,  it i s  

p r o b a b l y   o n l y   f e a s i b l e   t o   r e a l i z e  150 Hz r e p e t i t i o n  

r a t e s   f o r  A r F  lasers .   Th is   shou ld   a l low  reasonab le  

s i g n a l   t o   n o i s e   i n   t h e  above scheme  when the   i ons  

are  cold;  however, we es t ima te   coo l i ng   t imes   o f  

o rde r  20 minutes,  which i s  uncomfortably  long. 

A second scheme us ing   f requency   mix ing   o f  cw 

l a s e r s   i n   n o n l i n e a r   c r y s t a l s   i s   p r e s e n t l y   b e i n g  

pursued a t  NBS. T u n a b l e   c o h e r e n t   r a d i a t i o n   i n   t h e  

194 nm r e g i o n  has previously  been  produced  by 

phase-matched sum f requency   mix ing   o f   pu lsed 

l a s e r s   i n  a potassium  pentaborate (KB5) crys-  

t a l  .27 The  second  harmonic o f   t h e  514 nm Ar' 
s ing le   f requency  cw l a s e r   l i n e ,  when mixed  w i th  

r a d i a t i o n   n e a r  790 nm from a cw dye l a s e r ,  will 

generate  s ing le  f requency cw r a d i a t i o n   a t  194 nm. 

where P, i s   t h e   o u t p u t  power a t  194 nm, PI 

i nDu t  Dower a t  257 nm from  the  doubled A r +  

f o r  a 

i s   t h e  

1 aser. . .  
and P, i s   t h e   i n p u t  power a t  790 nm. 28,29 All 

powers  are  expressed i n  watts. The second  harmonic 

o f  514 nm r a d i a t i o n   c a n  be generated i n  90' phase 

matched  temperature  tuned KDP o r  ADP c r y s t a l s   w i t h  

an e f f i c i e n c y   ( f o r  a 5 cm c r y s t a l )   g i v e n  by 

P, z 2 . 5  X 10-3 p02, 

where P, i s   t h e   o u t p u t  power a t  257 nm and Po i s  

t h e   i n p u t  power a t  514 nm. Thus, about 10 mW can 

be  produced  wi th a 2 W i n p u t .  The ou tpu t  power 

can  be  increased  considerably  by  using a c a v i t y   t o  

b u i l d  up t h e   c i r c u l a t i n g  power. A s  much as 300 mW 

o f  cw power a t  257 nm has  been  produced i n   t h i s  

way. 30 Assuming t h a t  200 mW a t  257 nm and 

500 mW a t  790 nm are   ava i  1 able,  about 8 MW a t  

194 nm cou ld  be produced. From the  exper ience 

w i t h  Mg+ ions,  13y15*16 th is   should  be  adequate 

power f o r  i n i t i a l  experiments. The ou tpu t   cou ld  

be f u r t h e r   i n c r e a s e d   b y   b u i l d i n g  a cav i t y   a round  

t h e  KB5 c r y s t a l  t o  i n c r e a s e   t h e   c i r c u l a t i n g  power 

a t  790 nm, 257 nm, o r   b o t h .   F i n a l l y ,   t h e   o u t p u t  

power a t   t h e   i o n s   c o u l d  be i nc reased   by   bu i l d ing  a 

r i n g   c a v i t y  around  the  t rap.  The frequency o f  t he  

A r +  l a s e r   c a n   b e   s t a b i l i z e d   t o  an I, absorpt ion.  

The dye laser   can  be s t a b i l i z e d  and tuned  us ing 

standard  techniques. The tempera ture   o f   the  KB5 

may have t o  be s h i f t e d   s l i g h t l y  f r o m  room  tempera- 

t u r e   i n   o r d e r  t o  sat is fy   the  phase-matching  condi -  

t i o n s .  We est imate  f rom  the  observed  temperature 

t u n i n g   a t  201.6 t h a t   t h e   r e q u i r e d   s h i f t   i s  

l e s s   t h a n  25 'C. 

Two-Photon Optical  Frequency  Standard i n  201Hg+ 

We will b r i e f l y   d e s c r i b e   t h e   p r o p e r t i e s   o f  a 

201Hg+ opt ica l   f requency   s tandard   tha t  has  been 

suggested  prev ious ly .  32 (ls9Hg+  should, o f  

course,  a lso  be  considered because o f  i t s   s i m p l e r  
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structure.)  Using  two-photon  Doppler-free spec- 

t r o ~ c o p y , ~ ~  i t  should be poss ib le   t o   exc i te  201Hg+ 

ions  from  a  ground-state  sublevel t o  a   p a r t i c u l a r  

2D,/, sublevel  using  a dye laser  tuned t o  approxi- 

mately 563.2 nm.  An exc i ted   s ta te  and magnetic 

f i e l d   c o u l d  be chosen so t h a t   t h e   t r a n s i t i o n  

frequency  could be independent o f  magnetic f i e l d  

t o  f i r s t  order. F o r  the case o f  t h i s   o p t i c a l  

t rans i t ion ,   the  second-order dependence o f   f r a c -  

t ional   f requency  o f fset  due t o  magnetic f i e l d  

would be reduced  by  approximately  the r a t i o   o f   t h e  

op t i ca l  frequency (5.33 x 1014 Hz) t o   t h e  ground- 

state  hyperfine  frequency.  This  represents  a 

r e d u c t i o n   i n   s e n s i t i v i t y   o f  about four  orders  of  

magnitude  which  would great ly   re lax  the  const ra in ts  

on  magnetic f i e ld .  The ground and exci ted  states 

could be chosen  such that  the  ground-state  level  

would be depopulated  by  the  two-photon  transition; 

therefore,   detect ion  could be accomplished i n  

essent ia l l y   the  same manner  as descr ibed  for   the 

microwave  case above. The l i f e t ime   o f   t he   exc i ted  

states35 i s  about  0.11 S, so t ha t   t he  Q o f   t h i s  

t r a n s i t i o n   i s  about  7.4  x 

A drawback t o   t h i s  scheme i s  the accompanying 

ac Stark  shi ft33; t h i s   s h i f t  i s  formally  equiva- 

l e n t  t o  t h e   " l i g h t   s h i f t "   i n   r u b i d i u m  frequency 

standards. We have roughly  est imated  the  transi- 

t i o n   p r o b a b i l i t y   p e r   u n i t   t i m e   t o  be W B 0.3 I2/6u 

where 6u i s  the  larger  o f  the (doubled) laser  

l inewidth  or   the  natural   l inewidth  (1.4 Hz) and I 
i s  t h e   l a s e r   i n t e n s i t y   i n  each d i r e c t i o n   i n  W/cm2. 

We have also  estimated  the accompanying l i g h t  

s h i f t   t o  be Au B -I (Hz). I f  the  (doubled)  laser 

l i new id th  i s  less  than  the  natural  width and i f  we 

d r i v e  the t r a n s i t i o n  near sa tu ra t i ng   i n tens i t y  

(W B Ws), then I B 2.2 W/cm2, which  implies a 

f r ac t i ona l  frequency s h i f t   o f  2 x 

The black body ac Stark   sh i f t38   i s   es t imated  

t o  be Au/vo G (T/300)4. The frequency s h i f t  40 
due to   t he   i n te rac t i on   o f   t he  quadrupole moment o f  

the  atomic D l eve ls   w i th   the   app l ied  quadrupole 

f i e l d  and f i e l d s  due t o   i o n - i o n   c o l l i s i o n  i s  

estimated t o  be less  than 10-l" for   the  condi t ions 

described  here. 

I n   i n i t i a l  experiments, it will v e r y   l i k e l y  

no t  be poss ib le   t o   ob ta in  (doubled) l ase r   l i ne -  

widths  less  than 1.4 Hz; however, laser   l inewidths 

of   a  few tens o f  hertz  should be achievable. 

Therefore,  the above project ions may not be too 

op t im is t i c .  

Assuming the same condit ions as f o r  the 

microwave  case, p red ic ted   s tab i l i t i es   a re   a l so  

quite  dramatic (assuming laser  l inewidths  are 

s u f f i c i e n t l y  narrow). I f  we assume tha t   t he  

(Rabi) i n t e r a c t i o n   t i m e   i s  1 S and tha t   the  detec- 

t i o n  and repumping t i m e  i s  much less  than 1 S, 
t h i s  would  imply ( f o r  Ni = 8 . 2  x lo4) 

For Ni = 1, U (K) B 6 x T-'. 
Y 

Conclusions 

Some o f   t he  problems  associated  with  a  stored- 

i o n  frequency  standard have been addressed  by 

making  a speci f ic   proposal  around the zOIHg+ ion. 

Al though  other  interest ing  candidates  exist ,   th is 

system appears feas ib le  enough that  experimental 

work has begun a t  NBS. Current  ef for ts  are aimed 

a t  producing  the  194.2 nm laser  l ight ,   producing 

narrowband 563.2 nrn l a s e r   l i g h t   f o r   t h e  two-photon 

t rans i t ion,   s tudy ing  the  ion  c loud dynamics i n  

o r d e r   t o  produce the   ra the r   d i f f use ,   spa t i a l l y  

stable  ion  c louds and  making ion   t raps  with s ign i -  

f i can t ly   inc reased  co l lec t ion   e f f i c iency .  
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APPENDIX A 

Sta t i s t i ca l   F luc tua t i ons   i n   De tec ted  Photon Counts 

For   s impl ic i ty ,  we will assume the  condit ions 

shown i n  Fig. 2. The actual  conditions  discussed 

i n   t h i s  paper and i n  Refs. 15  and 16 are somewhat 
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L microwave"c1ock" transition 

F igu re  2. "Model" 3 l e v e l   s y s t e m   t o  show t h e   e f -  

f e c t s   o f   s t a t i s t i c a l   f l u c t u a t i o n s   i n  

an  optical  pumping,  double  resonance 

experiment. 

more c o m p l i c a t e d ,   b u t   t h e   b a s i c   r e s u l t   s t i l l  

app l i es .  We assume t h a t  a l a s e r   i s   t u n e d   t o   t h e  

3 + 1 t rans i t i on   wave leng th   and   t ha t  we can  neglect  

e x c i t a t i o n   i n   t h e  wings o f   t h e  3 + 2 t r a n s i t i o n  by 

t h i s   l a s e r .  We a l s o  assume t h a t   t h e  decay  branch- 

i n g   r a t i o s  R,, and RB1 are   such  tha t  R,, >> 
The bas i c  scheme f o r  an  opt ical-pumping 

double-resonance  experiment i n   t h i s   s i m p l e  example 

i s   t h e   f o l l o w i n g :  (1) I f  t h e  number o f   s c a t t e r i n g  

events   ( fo r   each  ion)  i s   s u f f i c i e n t l y   l a r g e ,   t h e n  

e s s e n t i a l l y   a l l   t h e   i o n s   a r e  pumped i n t o   t h e  2 
l eve l .   (2 )  The l a s e r   i s  now t u r n e d   o f f   a n d   t h e  

"c lock "  (1 + 2) t r a n s i t i o n  i s  dr i ven .  (3) The 

i o n s   t h a t  have made t h e   t r a n s i t i o n   a r e   t h e n  de- 

tec ted   by   tu rn ing   the   laser   back   on  and observ ing 

t h e   f l u o r e s c e n c e   s c a t t e r i n g   b y   c o l l e c t i n g   t h e  

1 i g h t   i n  a phototube. 

For   each  ion   tha t  has made t h e   c l o c k   t r a n s i -  

t i o n ,   l e t   t h e  average number o f   de tec ted   photons  

be nd; t h e  rms f l u c t u a t i o n   i n   t h e  number o f  de- 

t e c t e d   p h o t o n s   p e r   i o n   i s  fld. Because o f   i n e f -  

f i c i e n c i e s   i n   c o l l e c t i o n  and d e t e c t i o n ,   t y p i c a l l y  

nd << R31/R32r  b u t   t h e   i n t e r e s t i n g   c a s e  will be 

when nd i s   s t i l l   s i g n i f i c a n t l y   g r e a t e r   t h a n  one. 

We will assume t h a t   t h e   c l o c k   t r a n s i t i o n   i s   d r i v e n  

w i t h  optimum  power, so t h a t  when we a r e   t u n e d   t o  

t h e   h a l f - i n t e n s i t y   p o i n t  on t h e   l i n e   ( f o r  maximum 

f r e q u e n c y   s e n s i t i v i t y ) ,   t h e   p r o b a b i l i t y ,  p, t h a t  

each   i on  has made a t r a n s i t i o n   i s  0.5. I n  t h i s  

case, i f  t h e   t o t a l  number o f   i o n s   i s  Ni, t hen   t he  

average number t h a t  have made t h e   t r a n s i t i o n  i s  

pNi = Ni/2 and  the rms f l u c t u a t i o n s   i n   t h e  number 

o f   i o n s   t h a t  have made t h e   t r a n s i t i o n  on  each 

exper imenta l   cyc le  i S 

ANi = JNi p(1-p) = q / 2 .  

For one photon  count ing  cyc le ,   the  average 

number o f   p h o t o n s   d e t e c t e d   i s  NTOT = nd Ni/2. The 

f l u c t u a t i o n s  i n  t h e  number o f   de tec ted   photons  

(ANToT) i s  due t o  two  causes: (1) The f l u c t u a t i o n s  

i n  the  number o f  photons  counted (AnTOT)d due t o  

f l u c t u a t i o n s  i n  the  counted  photons  for   each  ion.  

S ince   t hese   a re   s ta t i s t i ca l l y   i ndependen t :  

(AnTOT)d = 4 c (And)2 = d i p p  

(2) The f l u c t u a t i o n   i n   t h e  number o f  photons 

counted (AnTOT)i due t o   t h e   f l u c t u a t i o n s   i n   t h e  

number o f   i o n s   t h a t  have made t h e   t r a n s i t i o n :  

(AnTOT)i =  AN^ nd = nd $12 

Since  these  two  p rocesses   a re   a lso   s ta t i s t i -  

c a l l y   i n d e p e n d e n t ,   t h e   t o t a l   f l u c t u a t i o n s  i n  NTOT 

are   g iven   by :  

Therefore when nd >> 2, t h e   f l u c t u a t i o n s   i n   t h e  

photon  counts   are  g iven by t h e   s t a t i s t i c a l  f l  uc- 

t u a t i o n s  i n  t h e  number o f   i o n s   t h a t  have made the  

t r a n s i t i o n .  We must   note,   o f   course,   that   the 

above  arguments assume t h a t   t h e   l a s e r   i n t e n s i t y  

a n d   c l o u d   o f   i o n s   i s   s t a b l e ,  and   t he re fo re ,   f l uc -  

t u a t i o n s   i n   s i g n a l  due t o  changes i n   l a s e r - c l o u d  

s p a t i a l   o v e r l a p   a r e   n e g l i g i b l e .  
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Appendix B 
Appendix C 

Maximum  Number o f   S to red   I ons  
2P4 + 2 D 3 / 2  Decay  Rates 

Decay f rom  the 5d1° 6p 2PJ l e v e l s   t o   t h e  

5d9 6s2  2DJ l e v e l s   i s   a l l o w e d   t h r o u g h   c o n f i g u r a t i o n  

i n te rac t i on ,   wh ich   can   m ix  some 5d1° 6d  amplitude 

i n t o   t h e  D s ta tes  and some 5d9  6s  6p amp1 i t u d e  

i n t o   t h e  P s ta tes .35   Crande l l ,   e t   a l .36   have 

determined  that   the  decay  ra te  f rom  the 2P3/, 

s t a t e   t o   t h e  *Sf g r o u n d   s t a t e   i s  350 k 30% t imes 

g r e a t e r   t h a n   t h e   d e c a y   r a t e   t o   t h e  2D5/2 s ta te .  

I f  LS c o u p l i n g   i s   v a l i d ,   t h e  2Pf s t a t e  decays t o  

t h e  2D3/, w i t h   p r o b a b i l i t y  3 x lo-'. This  decay 

i s   h i g h l y  suppressed  because  the  energy  dif ference 

i s   o n l y  933 cm-l,  which  corresponds t o  a wavelength 

o f  11 pm. (The  decay r a t e   i s   p r o p o r t i o n a l   t o   t h e  

cube o f  the   energy   d i f fe rence. )  Decay o f   t h e  

s t a t e  t o  t h e  2 D , / 2  s t a t e   i s   f o r b i d d e n  by t h e  

e l e c t r i c   d i p o l e   s e l e c t i o n   r u l e s ,   s i n c e  it requ i res  

J t o  change  by 2. Hyper f ine and Zeeman i n t e r a c -  

t i o n s   m i x   d i f f e r e n t  J states,   making  th is   decay 

s l i g h t l y   a l l o w e d .  However, we e s t i m a t e   t h i s  

p r o b a b i l i t y   t o  be  less  than lo-"  a t  a magnetic 

f i e l d   o f  0.5 T. The 2D,/2 s t a t e  decays t o   t h e  

2 D 5 / 2  s t a t e   a t  a r a t e   o f   a b o u t  54 s - l  and t o   t h e  

2 S f  s t a t e   a t  a r a t e   o f   a b o u t  42 S- l .  The ZD,/, 

s t a t e  decays t o   t h e  2 S f  a t  a r a t e   o f   a b o u t  

t r a n s i t i o n   i s  denoted  by yQ, the   ions   reach  the  

2D3,,2 s t a t e   a t  a r a t e   o f  3 x yQ from  which 

they   decay ,   w i th   p robab i l i t y   about   0 .56 ,   to   the  

2D5,, s t a t e ,  where t h e y   s t a y   f o r  an  average o f  

about 0.11 S before   decay ing   back   to   the  

s t a t e .  I f  yQ i s   l e s s   t h a n  6 x lo6 s - l ,   t h e   i o n s  

spend l e s s   t h a n  10% o f   t h e i r   t i m e   i n   t h e  meta- 

s t a b l e  D s ta tes ,  so t h a t   t h i s   t r a p p i n g  does n o t  

cause a p r o b l e m   f o r   t h e   c o o l i n g .   T r a n s i t i o n s   t o  

t h e  D s t a t e s   o c c u r   a t  a r a t e   w h i c h   i s  much l e s s  

t h a n   t h e   o p t i c a l  pumping  rates  between  ground-state 

sub leve ls ,  so t h e i r   n e g l e c t   i n   t h e   p r e v i o u s  

d i scuss ion  on o p t i c a l  pumping i s   j u s t i f i e d .  

2p4 

9.5 S - 1 .  35 I f  the   laser - induced 2s+ t o  

2% 

Since   t he   cyc lo t ron   and   ax ia l   k i ne t i c   ene rg ies  

a re  assumed co ld ,  we will assume a uni form  charge 

d i s t r i b u t i o n   f o r   t h e   i o n s . 3 7   F o r  a s p h e r i c a l   i o n  

c loud,   the  magnetron  ro tat ion  f requency  o f   the 

c l o u d  (W,) i s  g iven  f rom  the  equat ions  o f   mot ion 

as : 

U) = -  - J (  - ( 5  + W) ( C . 1 )  
m 2  2 3M 

where W i s   t h e   u n p e r t u r b e d   i o n   c y c l o t r o n   f r e q u e n c y  

U = eB/Mc, wZ i s   t h e   a x i a l   o s c i l l a t i o n   f r e q u e n c y  

de r i ved   f rom  the   app l i ed   t rap   vo l tage  (Vo) as: 

C 

C 1 

W: = 4e Vo/M(r: + 2z2) 0 

and p i s   t h e  space  charge  density. We have f o r  

t h e  space  charge  potent ia l   f rom  the  ions  ( ins ide 

the   c loud)  

a n d   t h e   t r a p   p o t e n t i a l  may be  expressed as 

V. ( r 2  - 2z2) 

$T = r o 2  + 2z02 

When t h e   a x i a l - c y c l o t r o n   m o t i o n   i s   c o l d ,  we 

have  Qi(z) = QT(z) = 0; t h i s   i m p l i e s  

p = %  e z 
3 MW, 

If we ass me  we want  the maximum second-order 

D o p p l e r   s h i f t  ($c : )  2) less  than E ,  t hen  we r e q u i r e  

UJ = c m/rcQ where rcQ i s   t h e   r a d i u s   o f   t h e  

cloud. I f  we want t o  maximize  the number o f   i o n s  

N = 4np(rcQ)3  /(3e),  then we want t o  maximize t h i s  

exp ress ion   sub jec t   t o   t he  above c o n t r a i n t s  on wm. 

S u b s t i t u t i n g  Eqs. ( C . l )  and (C.2) i n t o   t h i s   e x p r e s -  

s i o n   f o r  N we have: 

m 
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(Values o f  rc2 where t h i s   e x p r e s s i o n   i s   n e g a t i v e  

are  unphysical   because we assume t h a t  E i s  a f i x e d  

va lue  on t h e   p e r i m e t e r   o f   t h e   c l o u d   ( a t  z = 0) no 

matter  what i t s   s i z e   i s .   F o r   v e r y   s m a l l   c l o u d s ,  

t h i s   r e q u i r e s  V. l a r g e  enough t h a t   t h e   i o n s   a r e  

unbounded-the case f o r  N 5 0.) 

From (C.2) and t h e   e x p r e s s i o n   f o r  f o r  U$, 

(C.  5) 

Fo r   t he   cond i t i ons  assumed i n   t h e   t e x t ,  rcll - 
0.5 cm, wc = 40.5 kHz, and E = we have N E 

8.2 x lo4. Assuming zo = ro/1.64 = 0.8 cm, then  

V. = 0.071 V .  
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